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1  Introduction and definitions
We use D as the notation for the unit disk in the complex plane and T as its boundary. 
For ζ = exp(ıθ), we denote the normalized Lebesgue measure on T by dµ(θ) = dθ/2π . 
The classical Hardy space on D is written as Hp(D) and consists of those analytic func-
tions f for which
For p ≥ 1, taking the p-th root of this sup yields a norm and with this norm Hp(D) is a 
Banach space. When p = 2, this is Hilbert space and identifying the Taylor coefficients of 
such an f with a sequence we obtain an isometry from H2(D) onto the classical sequence 
space l2. In addition, there is a natural identification of functions in Hp(D) with func-
tions in a closed subspace of Lp(T) by way of the non-tangential limits of functions f in 
Hp(D) at points of T, and it shall be clear in our discussion whether we are dealing with 
points in D or with points in T. See [1] for more details.
2  The main result
In [2], the authors study the integral operator
on the classical Hardy spaces Hp of the open unit disk D [1]. Making this operator well 
defined is the integrability of f ∈ Hp on the interval [0, 1] which follows from the well-















In Diamantopoulos and Siskakis (Studia Math 140:191–198, 2000), the authors study the 
action of the classical Cesaro matrix C on the Taylor coefficients of analytic functions 
on the Hardy spaces Hp(D), 1 < p <∞. They convert the matricial action of C on 
sequences into a Volterra type integral operator H on HP . They show that it is bounded 
for 1 < p <∞ and derive estimates on the operator norm of H. We continue this study 
and show that H maps boundedly from H1(D) into the space of Cauchy transforms of 
finite Borel measures on unit circle. We show that H is one to one on H2(D).
Keywords: Hardy spaces, Volterra type operators
Mathematics Subject Classification: 30J10, 47A66
Open Access
© 2016 The Author(s). This article is distributed under the terms of the Creative Commons Attribution 4.0 International License 
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, 
provided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and 
indicate if changes were made.
RESEARCH
Cima  Complex Anal Synerg  (2016) 2:3 
DOI 10.1186/s40627-016-0007-9
*Correspondence:   
cima@math.unc.edu 
University of North Carolina 
at Chapel Hill, Chapel Hill, 
USA
Page 2 of 4Cima  Complex Anal Synerg  (2016) 2:3 
In [2], they prove that when p ∈ (1,∞) the operator H maps Hp to itself. This is no 
longer the case when p = 1 or p = ∞.
The purpose of this paper is to discuss the range of H on H1. The main result is the 
following.
Theorem 1 The operator H maps H1 to the space of Cauchy transforms of measures on 
the unit circle ∂D. Furthermore, H is injective
The proof of this theorem needs a few facts about Cauchy transforms which can 
be found in [3]. Let M be the Banach space of finite complex Borel measures on ∂D 
endowed with the total variation norm ‖µ‖ and define
to be the space of Cauchy transforms. This is a Banach space of analytic functions on D 
when given the norm
It is well known [3, Ch. 4] that A (the disk algebra), the space of continuous functions on D 
which are analytic on D, endowed with the supremum norm �g�∞ = sup{|g(z)| : z ∈ D}, 
can be identified with the pre-dual of C via the (Cauchy) pairing
Proof of Theorem 1 For f ∈ H1 and g ∈ A, observe the following: For r ∈ (0, 1),





















�Cµ� := inf{�ν� : Cµ = Cν}.
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exists. Using (1) again, we get
and so
defines a continuous linear functional on the disk algebra A. The duality in (2) yields 
Hf = Cµ for some µ ∈ M.
To show that H is injective, observe that for f ∈ H1, a geometric series computation 
with the definition of H will show that
If Hf ≡ 0, then
for all polynomials p. The Weisrstrass approximation theorem and the fact that 
f ∈ L1[0, 1] yields
for all continuous functions g on [0,  1]. By the Riesz representation theorem for the 
space of finite Borel measures on [0, 1], we conclude that f (t) = 0 almost everywhere on 
[0, 1]. The identity theorem for analytic functions implies that f ≡ 0.  
Remark 1 It is well known that when p ∈ (1,∞), the dual of Hp can be identified with 
Hq, where q is the Holder conjugate index for p, via the pairing
With this in mind, one can, for f ∈ Hp, p ∈ (1,∞), repeat the proof of Theorem  1, 
replacing (3) with the estimate
(note two uses of the Fejer–Riesz inequality along with Holder’s inequality), to see that 
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∫ 2π
0



















p(t)f (t)dt = 0
∫ 1
0
f (t)g(t)dt = 0










g(eiθ )f (eiθ )
dθ
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Remark 2 One can prove a bit more here. Indeed, if f ∈ H1, then f ∈ L1[0, 1], and thus 
given ǫ > 0, there is a δ > 0, so that
For any θ ∈ [0, 2π ] and r ∈ (0, 1)
We conclude that
Theorem  1 says that Hf = Cµ for some µ ∈ M and a simple exercise with the domi-
nated convergence theorem [3, p. 42] says that
This means that H maps H1 to the space of Cauchy transforms of measures on the circle 
which have no point masses.
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∫ 1
1−δ
|f (t)|dt < ǫ.




















|f (t)|dt + ǫ.
lim
r→1
(1− r)|(Hf )(reiθ )| = 0, θ ∈ [0, 2π ].
lim
r→1
(1− r)(Cµ)(reiθ ) = µ({eiθ }).
